Abstract. We give explicit formulas for the cohomology of the Heisenberg Lie algebras over fields of finite characteristic. We use this to show that in characteristic two, unlike all other cases, the Betti numbers are unimodal.
The Heisenberg Lie algebra is the algebra h m with basis {x 1 , . . . , x m , y 1 , . . . , y m , z} and nonzero relations [x i , y i ] = z, 1 ≤ i ≤ m. The cohomology (with trivial coefficients) H * (h m ) was one of the first explicit computations of the cohomology of a family of nilpotent Lie algebras. Louis Santharoubane [4] showed that over fields of characteristic zero, the Betti numbers are:
, for all n ≤ m. Over fields of prime characteristic, the differential has larger kernel, and so one expects "more" cohomology. Recently, Emil Sköldberg [5] used algebraic Morse theory to compute the Poincaré polynomial S m (t) = n dim H n (h m )t n of the Heisenberg Lie algebra h m over fields of characteristic two. He obtained
In this paper we extend Sköldberg's result to arbitrary characteristic by directly computing the Betti numbers.
Theorem. Over fields of characteristic p, one has
In particular, we have:
for all i ≤ m.
GRANT CAIRNS AND SEBASTIAN JAMBOR
The characteristic two case of the theorem is equivalent to Sköldberg's formula, as can be seen by expanding the latter, applying the binomial expansion to the factor (1 + t) 2m , and using the expansion
, and they are said to be unimodal if they increase with n for 1 ≤ n ≤ 1 2 dim L and then (consequently) decrease for
One of the utilities of Santharoubane's result was that, over fields of characteristic zero, it provided examples of nilpotent Lie algebras whose Betti numbers are not unimodal; see [2] and [1] . Other nilpotent algebras with non-unimodal Betti numbers were given in [3] . In characteristic p > 2, the above theorem gives dim H 3 (h 4 ) = 
We claim that for n ≤ m,
Note that using the binomial formula,
and (2) give
which establishes the theorem. So it remains to prove (2). Let 
for all n ≤ m, and in order to prove (2) , it remains to show that
for all n ≤ m, or equivalently,
, for all n < m. We establish this by induction on n. First, notice that in characteristic p one has Ω p m = 0. The following may be regarded as a finite characteristic version of the weak Lefschetz property: . So
Using (6), −1 a m b m ) . Hence, as we are working in characteristic p,
m . This establishes the lemma.
Returning to the theorem, the lemma gives
Thus (5) follows by induction on n. This completes the proof of the theorem.
Proof of Corollary 2.
We maintain the notation and terminology of the proof of the theorem. For p = 2, (5) gives
Using (3) twice gives
We will show that ∆ n,m > 0 for all 1 ≤ n ≤ m. The proof is by induction on n + m. First notice that since dim H 1 (h n ) = 2n and dim H 0 (h n ) = 1, one has ∆ 1,n > 0 for all n ≥ 1. From (1), (3) and (4), for all n ≤ m,
So, employing (9) and (10) gives for all n ≤ m, we have ∆ n,m > 0, as required.
Remark. The characteristic zero result of [4] can be deduced from the above theorem by choosing a sufficiently large prime p. Indeed, the Heisenberg algebras are defined over Z, and in each dimension, the determination of the cohomology amounts to the computation of the rank of an integer matrix representing the differential. But for an integer matrix, the rank in characteristic zero can only differ from the rank in characteristic p for finitely many values of p.
